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Abstract. A group theoretical understanding of the two-dimensional fractional supersymmetry
is given in terms of the quantum Poincaré group at roots of unity. The fractional supersymmetry
algebra and the quantum group dual to it are presented and the pseudo-unitary and irreducible
representations of them are obtained. The matrix elements of these representations are explicitly
constructed.

1. Introduction

Quantum algebras at roots of unity are regarded to be useful in formulations of some physical
systems whose theoretical understanding is not very clear [1]. Obviously, to achieve a complete
understanding of the role of these algebras in applications to physical systems one should
know the quantum groups which are dual to them. Indeed, in [2]Eq(1, 1) at roots of unity
and in [3]SLq(2,R) at roots of unity were constructed. In the formulation of these groups
one is obliged to introduce some new variables which are the generalized Grassmannians
η± satisfyingηp± = 0 wherep is a positive integer. On the other hand, these coordinates
were used to obtain superspace realizations of the fractional supersymmetry charges [4–7].
Although some algebraic properties of the two-dimensional fractional supersymmetry were
discussed in [5], the correct behaviour under the Lorentz generator could be obtained in terms
of some restrictions and a spectral parameter.

A group theoretical understanding of the fractional supersymmetry appears to be lacking.
Our aim is to shed some light on the group theoretical aspects of fractional supersymmetry in
two dimensions. Hence, guided by the formulation of the two-dimensional quantum Poincaré
algebra at roots of unity [2], we introduce the fractional supersymmetry algebraUF endowed
with a Hopf algebra structure. We present the quantum groupAF which is its dual. Pseudo-
unitary, irreducible corepresentations ofAF are given and the matrix elements of them are
explicitly calculated. We, then, define the pseudo-unitary quasi-regular corepresentation of
AF and the corresponding∗-representation ofUF .
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2. Fractional supersymmetry algebra and its dual

Let us deal with the two-dimensional Poincaré algebraU(e(1, 1)) generated byP± andH
possessing the commutators

[P+, P−] = 0 [P±, H ] = ±iP± (1)

and the involutions

P ∗± = P± H ∗ = H. (2)

The two-dimensional fractional supersymmetry generatorsp± are defined to satisfy

p
p
± = P± (3)

wherep is a positive integer, without any condition on the commutation relation ofp+ with
p−. Obviously, the simplest choice isp+p− = p−p+. Thus, the quantum Poincaré algebra at
roots of unityUq(e(1, 1)) with qp = 1, p is an odd, positive integer, generated byp± andκ
satisfying

[p+, p−] = 0 κp± = q±1p±κ κp = 1U (4)

with the involutions

p∗± = p± κ∗ = κ (5)

which suits our purposes. 1U denotes the unit element of the algebra.
The two-dimensional fractional supersymmetry algebra denotedUF ≡ (U(e(1, 1)),

Uq(e(1, 1))) is generated byP±,H , p±, κ satisfying (1)–(5) and moreover, the commutation
relations

[κ,H ] = 0 [p±, H ] = ± i

p
p±. (6)

The latter is the consequence of (1) and (3).
The basis elements ofUF are

φnmkrsl ≡ pn+pm−κkP r+P s−Hl (7)

wheren,m, k, r, s, l are positive integers.
We can equipUF with the Hopf algebra structure

1(P±) = P± ⊗ 1U + 1U ⊗ P± ε(P±) = 0 S(P±) = −P±
1(H) = H ⊗ 1U + 1U ⊗H ε(H) = 0 S(H) = −H
1(p±) = p± ⊗ κ + κ−1⊗ p± ε(p±) = 0 S(p±) = −q±1p±
1(κ) = κ ⊗ κ ε(κ±1) = 1 S(κ±1) = κ∓1.

(8)

Now, we would like to present the groups which are dual to the algebras considered above.
The ∗-algebraA(E(1, 1)) of infinitely differentiable functions on the two-dimensional

Poincaŕe groupE(1, 1) is dual to the algebraU(e(1, 1)). For anyf (z+, z−, λ) ∈ A(E(1, 1))
we have the involution

z∗± = z± λ∗ = λ (9)

where ( eλ 0 z+

0 e−λ z−
0 0 1

)
∈ E(1, 1).
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The two-dimensional quantum Poincaré group at roots of unity [2] is the∗-algebra
A(Eq(1, 1)) with qp = 1, generated byη±, δ satisfying

η−η+ = q2η+η− η±δ = q2δη± (10)

η
p
± = 0 δp = 1A (11)

η∗± = η± δ∗ = δ (12)

where 1A is the unit element ofA. The dual ofUF is the∗-algebraAF = A(E(1, 1)) ×
A(Eq(1, 1)) with the Hopf algebra structure

1(η±) = η± ⊗ 1A + δ±1e±λ/p ⊗ η± ε(η±) = 0 S(η±) = −δ∓1η±
1(δ) = δ ⊗ δ ε(δ±1) = 1 S(δ±1) = δ∓1

1(λ) = λ⊗ 1A + 1A ⊗ λ ε(λ) = −λ S(λ) = −λ

1(z±) = z± ⊗ 1A + e±λ1A ⊗ z± + (−1)
p+1

2

p−1∑
n=1

q±n
2

[p − n]![ n]!
η
p−n
± δ±ne±λn/p ⊗ ηn±

S(z±) = −z± ε(z±) = 0.

We use the symmetricq-number

[n] = qn − q−n
q − q−1

and theq-factorial [n]! = [n][n− 1] . . . [1].
Since any function ofA(E(1, 1)) can locally be expanded in Taylor series, there is a local

basis ofAF given by

anmktsl ≡ ηn+ηm−ζ(k, δ)zt+zs−λl (13)

wheren,m, k, t, s, l are positive integers and we defined

ζ(m, δ) ≡ 1

p

p−1∑
n=0

q−nmδn.

The duality relations betweenAF andUF are

〈φnmktsl, an′m′k′t ′s ′l′ 〉 = in+m+t+s+lq
n−m

2 −nml!t !s![n]![m]!δnn′δmm′δtt ′δss ′δll′δk+n+m,k′ . (14)

3. Pseudo-unitary, irreducible corepresentations ofAF

LetC∞0 (R) be the space of all infinitely differential functions of finite support inR andP(t)
denote the algebra of polynomials int subject to the conditionstp = 1 andt∗ = t . The linear
map

πr(UF ) : C∞0 (R)× P(t)→ C∞0 (R)× P(t)
given as

πr(p±)f (x)a(t) = (−r)1/pe±x/pt±1f (x)a(t)

πr(P±)f (x)a(t) = −re±xf (x)a(t)
πr(H)f (x)a(t) = −i

d

dx
f (x)a(t)

πr(κ)f (x)a(t) = f (x)a(qt)

(15)

defines the irreducible representation ofUF in C∞0 (R)× P(t).
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Let us introduce the following Hermitian forms for the spaceC∞0 (R)× P(t),

(f1, f2) =
∫ +∞

−∞
dx f1(x)f2(x) (16)

(a1, a2) = 8(a1(t)a
∗
2(t)) (17)

where

8(ts) = δs,0(mod p). (18)

C∞0 (R) endowed with the norm induced by (16) leads to the Hilbert space of the square
integrable functions onR. On the other handP(t) with the pseudo-norm‖a‖2 ≡ (a, a) is
the pseudo-Euclidean space withp+1

2 positive andp−1
2 negative signatures [2]. Now, one can

verify thatπr defines the pseudo-unitary, irreducible∗-representation ofUF for realr.
By making use of the duality relations (14), we can derive from (15) the irreducible

corepresentations ofAF as

Tr(f (x)a(t)) =
p−1∑

n,m,k=0

∞∑
t,s,l=0

anmktslπr(φ
nmktsl)f (x)a(t)

〈φnmktsl, anmktsl〉 (19)

which is pseudo-unitary for realr.
Consider the Fourier transform off (x) ∈ C∞0 (R)

F (ν) =
∫ +∞

−∞
f (x)eνx dx. (20)

This integral converges for any complexν. F(ν) is an analytic function and moreover, satisfies
(ν = ν1 + iν2)

|F(ν1 + iν2)| < Kec|ν1| (21)

for some real constantsK andc. Then we can write the inverse transform as

f (x) = 1

2π i

∫ c+i∞

c−i∞
F(ν)e−νx dν. (22)

The Fourier transform ofTr (19) yields the pseudo-unitary corepresentation in the space
of functionsF(ν)a(t) as

Qr(F (ν)t
k) =

∫ c+i∞

c−i∞
dµ

p−1∑
l=0

Qr
kl(ν, µ, g)F (µ)t

l (23)

where we denoted the variables asg ≡ (g0; gp) = (z+, z−, λ; η+, η−, δ) and the kernelQr
kl is

for l > k
Qr
kl(ν, µ, g) = (q−1/2η+)

l−kωrl−k(ξ)δ
kKr

l−k(ν, µ, g0)

+ωrp+k−l (ξ )(q
1/2η−)p+k−lδkKr

l−k−p(ν, µ, g0) (24)

for l < k

Qr
kl(ν, µ, g) = (q−1/2η+)

p+l−kωrp+l−k(ξ)δ
kKr

p+l−k(ν, µ, g0)

+ωrk−l (ξ )(q
1/2η−)k−lδkKr

l−k(ν, µ, g0). (25)

We introduced, in terms ofξ = qη+η−, the polynomials

ωrs (ξ) =
p−s−1∑
m=0

(ir1/p)2m+s

[n]![m + s]!
(qsξ)m (26)
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and the functionsKr
s are

Kr
s (ν, µ, g0) = 1

2π i
eµλ

∫ +∞

−∞
eir(exz++e−xz−)+x(ν−µ+s/p) dx. (27)

By utilizing the analogue of polar coordinatesρ > 0, β ∈ R, the pseudo-Euclidean plane
defined by the axisz− = 0 andz+ = 0 can be studied in terms of the quadrants

Quad. 1: z+z− > 0 z± = 1
2ρe±β

Quad. 2: z+z− < 0 z± = ± 1
2ρe±β

Quad. 3: z+z− > 0 z± = −1

2
ρe±β

Quad. 4: z+z− < 0 z± = ∓ 1
2ρe±β.

In these quadrants (27) will lead to the Hankel functionsH(1)
ν , H (2)

ν or cylindrical functions
of imaginary argumentKν :

Quad. 1: Kr
s (ν, µ, g0) = 1

2e(µ−ν−s/p)(β+ π i
2 )+µλH

(1)
µ−ν−s/p(rρ)

Quad. 2: Kr
s (ν, µ, g0) = 1

2e(µ−ν−s/p)(β−
π i
2 )+µλH

(2)
µ−ν−s/p(rρ)

Quad. 3: Kr
s (ν, µ, g0) = 1

π i
e(µ−ν−s/p)(β+ π i

2 )+µλKµ−ν−s/p(rρ)

Quad. 4: Kr
s (ν, µ, g0) = 1

π i
e(µ−ν−s/p)(β−

π i
2 )+µλKµ−ν−s/p(rρ)

with the condition−1< Re(ν − µ + s/p) < 1 [8].

4. Quasi-regular corepresentation ofAF and ∗-representation of the fractional
supersymmetry algebra

The comultiplication

1 : A→ AF ⊗A (28)

defines the pseudo-unitary left quasi-regular corepresentation ofAF in its subspaceA
consisting of the finite sums

X =
∑
s

as(η+, η−)fs(z+, z−)

whereas(η+, η−) are polynomials inη+, η− andfs(z+, z−) ∈ C∞0 (R2). The spaceA can be
endowed with the Hermitian form

(X, Y ) = IE(XY ∗) (29)

X, Y ∈ A and the linear functionalIE : A→ C
IE(X) =

∑
s

I(as)IC(fs) (30)

is the left invariant integral where [2]

I(ηn+ηm−) = q−1δn,p−1δm,p−1 (31)

IC(fs) =
∫ +∞

−∞
dz+ dz− fs(z+, z−). (32)

The right representation of the fractional supersymmetry algebraUF corresponding to the
quasi-regular representation (28),

R(φ)X = (φ ⊗ id)1(X) (33)
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φ ∈ UF , is a∗-representation

(R(φ)X, Y )E = (X,R(φ∗)Y )E
because the Hermitian form (29) is defined in terms of the left invariant integral (30).

The right representations on the variablesη± andf (z+, z−) can explicitly be written as

R(p±)ηk± = iq±
1
2 [k]ηk−1

± R(p±)ηk∓ = 0

R(κ)ηk± = q±kηk± R(H)ηn± = ±
in

p
ηn±

R(p±)f = iq±
1
2
(−1)

p+1
2

[p − 1]!
η
p−1
±

df

dz±
R(P±)f = i

df

dz±

R(κ)f = f R(H)f = iz+
df

dz+
− iz−

df

dz−
.

(34)

In terms of the following relations satisfied by the right representationR

R(φφ′) = R(φ′)R(φ)
R(p±)(XY) = R(p±)XR(κ)Y +R(κ−1)XR(p±)Y
R(κ)(XY) = R(κ)XR(κ)Y
R(H)(XY) = R(H)XY +XR(H)Y

we can define the action of an arbitrary operatorR(φ) on any function inA.
The quantum algebra which we deal with possesses one Casimir elementC = p+p−.

As the complete set of commuting operators we can chooseR(C), R(H), R(κ) andL(H),
L(κ) whereL(φ) is the left representation of the elementφ defined similar to (33) with the
interchange ofφ with the identity id. One can easily observe thatL(H)X = 0 andL(κ)X = X
for anyX ∈ A, so that, in the spaceA the matrix elements can be labelled asDr

nν,mµ. Indeed,
in terms of the kernelQr

mn (24) one observes that

Dnν,00 = Qr
0n(ν, 0, g)

n ∈ [0, p − 1], satisfy

R(κ)Dnν,00 = qnDnν,00

R(H)Dnν,00 = −i(ν + n/p)Dnν,00

R(C)Dnν,00 = c2Dnν,00

R(p+)Dnν,00 = cDn+1ν,00

R(p−)Dnν,00 = cDn−1ν,00

R(P±)Dkν,00 = −rDkν±1,00

wherec = r1/pq and we introduced the notationDpν,00 ≡ D0ν+1,00 andD−1ν,00 ≡ Dp−1ν−1,00.
The right representation obtained in (34) can be used to write the supercharge operators

R(p±) in the superspace given byη+, z+ or η−, z− as

R(p±) = iq±
1
2D

q
± +

(−1)
p+1

2

[p − 1]!
η
p−1
±

d

dz±
(35)

whereDq
± are q-derivatives with respect toη±. This is the same with the realization of

supercharges given in [4–7], obtained in terms ofq-calculus.
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